A recent article* pointed out that cos x is an algebraic number whenever x is equal to an integral number of seconds. An immediate extension of this is that all six standard trigonometric functions have algebraic values for angles measured rationally in degrees. An earlier articlei gave a more advanced discussion of these algebraic numbers. I t is the purpose of this note to present an elementary proof of the fact, apparently not widely known, that these numbers are scarcely ever rational-in fact only for the very familiar values associated with the sequence 0°, 30°,4S0, . . . . The proof can obviously be limited to the cosine and tangent. Assume that cos x is rational but not equal to one of the given values, and that kx equals a multiple of 360°, where k is an integer. Then for any integer n, knx is a multiple of 360". Now cos knx can be expressed as a polynomial in cos nx with integral coefficients and with leading coefficient equal to 2"l. Since cos nx is rational and satisfies the equation obtained by equating this polynomial to 1,therefore when cos nx is expressed as a rational fraction in lowest terms, the denominator must be a factor of 2k-1, and incidentally a power of 2. A contradiction is obtained by showing that this denominator of cos nx can be made arbitrarily large. Accordingly, let cos a =@/q, where @ is odd and q is a power of 2 greater than the first. Then cos 2a =fit/qt, where @' =P2-p2/2, an odd number, and p' =q2/2, a power of 2>q. Thus the terms of the sequence obtained by repeated doubling of the angle, cos x, cos 2x, cos 4x, . . . ,when expressed as rational fractions in lowest terms, have successively larger denominators.
Proof for the tangent follows essentially the same pattern. In this case tan knx can be expressed as the quotient of two polynomials in tan nx, each having integral coefficients, and the numerator having leading coefficient 1 or k. Since tan nx is rational (if finite) and satisfies the equation obtained by equating the numerator polynomial to 0, therefore when tan nx is expressed as a rational * R. [November, fraction in lowest terms, the denominator must be a factor of k. Let tan a =p/q, where p Z +,q, p#O, q#O, and the fraction is in lowest terms. Then tan 2a =pf/q', where 9' = 2pp#O and pl= qz-p2#0. I t is impossible for p' to equal I p' since the largest possible common factor of p' and q' is 2, this occurring only when p and q are both odd. In any case, when fi'/qf is expressed in lowest terms, the resulting fraction is of the same type as p/p, and the new denominator is numerically greater than the first. Again a contradiction is provided by a sequence obtained by repeated doubling. 
